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Abst rac t - -A  ship has to move from a point A to a point B and has on its way to navigate through 
a narrow zigzag channel. Using a realistic model of a tanker ship, a method is proposed for computing 
feasible rudder command strategies for the navigation of the ship. 
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1. INTRODUCTION 
The problem of ship maneuvering in restricted waters, such as harbors, canals, river inlets, etc., 
is of major concern from the point of view of marine safety. The increasing number of ship 
collisions, the resulting ship grounding and the immense cost of cleaning an oil spill, have all 
led to a significant effort toward improving ship maneuverability performance. This problem 
is expected to be even more severe in the very near future due to the denser traffic in such 
waterways, as a result of the increase in the number and size of ships. 
This paper is part of a study on collision avoidance between ships and offshore installations or 
other obstacles. The problem considered here is as follows. A ship has to move from a point A 
to a point B and on its way has to move through a narrow channel which turns right and left 
alternately at 90 degrees (see Figure 1). Find an open loop command strategy for the rudder 
so that the ship will perform this maneuver. The main feature of this work is that, instead of 
solving the above-mentioned problem by some optimal control technique, the problem is solved 
by computing feasible command strategies. The definition of feasible command strategies and 
their computation, for the problem posed above is, roughly, as follows: 
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(i) First the command strategy function is parameterized by introducing a vector u of para- 
meters. 
(ii) A penalty function that incorporates all the state and control constraints and the required 
goals, is constructed. The penalty function is a function of the vector u, but is also a 
functional of the system's tate space trajectories. This penalty function is constructed 
in such a manner, that, it reaches the value of zero if and only if all the state and control 
constraints and all the required goals are all satisfied. 
(iii) A gradient method is applied on the vector state space in which u resides, to bring the 
value of the penalty function to zero. This yields a solution vector u ° which induces a 
feasible command strategy. The precise definition of a feasible command strategy and its 
computation are given and described in Sections 3 and 4. 
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Figure 1. The geometry of the channel. 
Ls 
The present study is based on a mathematical model for ship maneuvers on a planar undis- 
turbed free-surface. The dynamical model is expressed in terms of the time-dependent ship speed, 
drift angle and the yaw angular velocity. For the sake of simplicity the present method is applied 
to some realistic ship forms moving in deep-water and ignoring wall interaction effects. These 
effects can be also incorporated to render a more elaborate mathematical model, but nevertheless 
the general method of solution remains the same. 
The problem of ship collision avoidance has been dealt with in [1-6]. However, references [2-5] 
use the point-mass model for the ship's motion, whereas here and in [1] a full dynamical model 
for the ship's motion have been used. 
This paper is to a large extent an extension of [1]. In [1] a ship has to move from a point A 
to a point B in the presence of a sea current and has on its way to circumvent an obstacle. 
Using mathematical programming, feasible (in a sense similar to that defined in Section 3) open 
loop strategies for the ship rudder's angle are computed. In this work, by using a first order 
system model for the rudder's ervo mechanism, the goal is to find open loop strategies for the 
rudder command, to enable the ship to perform the maneuver described above. Two families of 
open loop command strategies are considered here. The first one consists of piece-wise constant 
command strategies, whereas the second one consists of piece-wise ramp command strategies. It 
is shown, in the problem solved here, that only 42 numbers are needed for the construction of a 
feasible piece-wise command strategy, and that only 43 numbers are needed for the construction 
of a feasible piece-wise ramp command strategy. 
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The organization of this paper is as follows. In Section 2, the main features of the ship's 
dynamical model are given, whereas more technical details of the model are given in the Appendix. 
In Section 3, a complete formulation of the problem is presented and feasible open loop command 
strategies are defined. In Section 4, two approaches for solving the problem are introduced and 
Section 5 deals with the results, obtained from the computations. 
The methods applied here can be used for the computation of command strategies for any 
other ship maneuver. 
2. THE DYNAMICAL  MODEL 
We consider the planar motion of a ship on an otherwise undisturbed free-surface of an incom- 
pressible fluid. Let the instantaneous speed of the ship be denoted by U(t), its drift angle by f~(t) 
and let r(t) denote the yaw angular velocity. Let (x, y) be a Cartesian coordinate system attached 
to the ship, where x is aligned along the ship's axis and y is taken in the starboard irection. For 
the sake of simplicity, the origin of the (x, y)-coordinate system is placed at the center of gravity 
of the ship. Then, the surge and sway velocities are given by U cos t3 and -U  sin/3, respectively. 
The dynamical model used in this work has been proposed in [7] (see also [8-17]) and it is 
given by (see also the Appendix for more details) 
Here, 
(mt+m~x)(L) ((~)cos/3-~sin/3)+(m'+my)r'sinl3:X ', (1) 
- (m'+my)(L )  ( (~)s in /3+t~cos f l )  +(m'+m~z)r ' cos f l :Y '  , (2) 
(l"z +  zz) + --L- (3) 
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where m, mx and my are the ship's mass, the added mass of the x-axis and the added mass 
of the y-axis, respectively, Izz and izz are the moment of inertia and added moment of inertia, 
respectively, about the vertical axis going through the ship's c.g., L is the ship's length, d is 
the draft and p is the fluid's density. Also, X, Y, and N are the external force along the 
x-axis, the external force along the y-axis and the yaw moment about the ship's center of gravity, 
respectively. 
It is assumed here that X r, yt,  and N t have the following decompositions 
! ! x '  = + x ,  + xr ,  (4) 
r '=  r /  + rp + Y~ , (5) 
Nr= N~ + Np + N¢. (6) 
In equations (4)-(6) the subscript h denotes the respective contribution due to the ship's 
hull, p denotes the respective contribution due to the propeller and r denotes the respective 
contribution due to the rudder. 
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In the sequel, for the ship's model considered here, the terms Y~ and N~ are assumed to be 
negligibly small compared with the rest and are therefore omitted. However, the X~ component 
is assumed to have the following form 
Zp = ctp(1 - tpo)n2D4pgt(Jp) 
(0.5LdV2) , (7) 
where 
g, ( J , )  = Cl + c2J; + ~Jg,  (8) 
U cos ~(1 - wp) 
J~ = (nD~) (9) 
Here ct,, tpo, cl, c2, c3 and Wp are given constants (see the Appendix), n is the propeller 
revolution (rps), n > 0, and DB is the propeller diameter. 
The components of the rudder forces are assumed to be of the form 
X'~ = - (1 - t~)F~ sin 6, (10) 
Y: -- - (1  + ~h)F" cos 5, (11) 
N; = -(x; + ahX'h)F t COS 5, (12) 
where 5 is the rudder angle, t~, ah, x~ and x~ are given constants (see the Appendix) and/ ;n ~is 
given by 
F: = ( ~d) C~U2 sin(~ - ~//3,), (13) 
where 
/3~ ,~' ' ' (14) : - -  2X  r r , 
U 2 = (1 - wr)2{1 + Cg(s)}, (15) 
g(s) = ~g{2 - (2 - g)s}s (16) 
(1 - ~)2 
s = 1 - (1 - wpo)Ucos/3 (17) 
nP 
and At, Cn, 7, x~, wr, C, ~, K, Wpo, and P are given constants (see the Appendix). 
The rest of the forces, that is, X~, Y~, and N~ are described in Appendix 1. Note that these 
forces do not depend on n or 5. 
Let ~ and j be unit vectors attached to the ship such that ~ is along the x-axis and j is along 
the y-axis. Also, let I and J be fixed unit vectors constituting a basis for an inertial coordinate 
system (see Figure 1). Denote by 9 the angle between ~ and _T. 
Define xl := U, X2 :---- f l ,  X 3 :---- T, Xs3 :-~ r', X4 :-~ O, X 5 :=  X i and x6 := Y~, where (Xi,Y~) 
is an inertial coordinate system such that the vector/~ is along the Xi-axis and the vector J is 
along the Yi-axis. 
Then, by applying some algebraic operations on equations (1) and (2), equations (1)-(3) yield: 
dXldt - \ ( (mlm2L)X~ ) [-xs3 cos x2 sin x2(m22 -m~)  
+ X'm2 cos X2 -- Y'ml sin x2] := fl(xl, x2, x3, if), (18) 
dx2 ( xl ) [x83(m22sin2 x2 + m~ cos2 x2) X' " 
- -  - -  m2 s in  x2  dt (m~2L)  
- mlY'Cosx2] := f2(xl,x2,x3,$), (19) 
dz3 z~N' 
d--T = (In 2) "- f3(xl, x2, x3, $), (20) 
.I ' and I := I~z +tzz. where ml := m ~ -b m~, m2 :-- m ~ + m v 
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Also, we have 
dx4 
"dr : x3 := f4 (x3) '  
dx5 
= Uz cosz4 - U u sinza := fs(xl,  x:, z4, ), 
dt 
dx6 
= Ux sinx4 + Uv cosx4 := f6(xl ,x2,x4,) ,  
dt 
(21) 
(22) 
(23) 
where Uz = Xl cosx2, and Uy = -x l  sinx2. 
Denote x7 := 6. In this work, the following rudder servo dynamic model is assumed 
dxr = { (6c a~- xT_______~), if Idic- x7l > e~, 
dt O, otherwise, 
(24) 
where ar > 0 and 0 < cr << 1 are given numbers; and (5~ is the command function. 
Denote x = (xl, x2, x3, x4, Xs, x6, xT). In the sequel, for the sake of convenience, the following 
notation will be used fi = f i(x), i = 1, 2 , . . . ,  6. Also, let fT(x7,6c) denote the right hand side 
of equation (24). Equations (18)-(24) constitute the equations of motion for the problem dealt 
with here. 
3. FORMULAT ION OF THE PROBLEM 
Using the notation of Section 2, the following system is considered here. 
dx i  
d-~ = fi(x), t > 0, i = 1,2,3,4,5,6, (25) 
dx7 
dt = fT(xT,6c), t > O, (26) 
Henceforward, we will be interested in the motion of the ship only during the time interval 
[0, t f], where ty > 0 is a given number. 
Let r0 = 0 < Ta < 7"2 < • • • < TN -~- t f  be a partition of [0, t f] such that ~'i+1 - Ti = Ac = 
constant, i = 0, 1 , . . . ,N  - 1. 
In this work, two classes of command functions are dealt with. 
CLASS A. This class includes all the functions dic~ : [0, tf] ~ R such that 
~cu( t ) :U i ,  T i~t<T iq_ l ,  i =0 ,1 , . . . ,N -  1 (27) 
lUi[ ~ ~max, i = 0, 1,. . .  ,N -  1 (28) 
IfT(x7,~c~(t))[ < c~ for all IxTI --- (~max and t E [O,t/], (29) 
where (~max > 0 and cr > 0 are given numbers. Henceforward, we denote this class by Aa. 
CLASS B. This class includes all the functions 6c. : [0, tf] -~ R such that 
- - -  - -u~+l  tE[T~,Ti+I], i=0 ,1 , . . . ,N -1  (30) 
Ti_bl -- T i Ti+l -- T i 
lUi[ ~-- (~max, i = 0 ,1 , . . .  ,N  (31) 
and 6cv satisfy equation (29). 
Henceforward, we denote this class by A2. Note that equation (31) implies [6ev(t)[ < dimax for 
all t E [0, t f]. 
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Let ~fc be an element of A1 or As. Denote by ¢(t, x; ~c) the solution to (25)-(26) (or (18)-(24)) 
whenever it exists, such that ¢(0, x; $~) -- x, x E R 7. 
Denote by Os the domain in the (xs, x6)-plane which constitutes the channel. This is an open 
domain which does not include the boundaries of the channel. Also, let 
D~=(xcRT: Umin~_Xl~-gmax, Ixsl<Zm, IxTl<-~m~x} 
D s = {x e RT :  Ix41 < ~4, Iz~ - 2L~I _< es, 1~6 - 2L~I -< ~6} 
(32) 
(33) 
where Umin, Umax, f~rn, £4, £5, £6 and L8 are given positive numbers uch that ea << ~r, e5 << Ws 
and e6 << Ws. For the definition of Ls and Ws see Figure 1. 
T N Given a fixed time t$ > 0, a partition { i}i=0, and a point x0 = (Urn,0,0,0,0,0,0) E R 7. The 
problem dealt with in this paper is: Find a command function 5c E A1 (or 5c E A2) such that 
¢(t, x0; ~fc) E O8 n Da, t E [0, tI] (34) 
and 
¢(t/, x0; ~c) E D I. (35) 
A command function ac E A1 (or 5c E As) for which equations (34)-(35) are satisfied will be 
called here a feasible command strategy. 
In the formulation of the control problem discussed here, it is assumed here that the boundaries 
of the channel are fictitious and that the real channel might be much wider. The aim of such 
an exercise is allowing a safety factor, to avoid collision with offshore installations and other 
obstacles, by forcing the ship to move in an internal narrower channel with fictitious banks. Also, 
this justifies ignoring wall interference interaction effects on the ship's motion. 
4. SOLUTION OF THE PROBLEM 
Define the following functions 
e2(z,A), if el(z, A) > 0, 
G(z,A):= e22(z,A), if es(z, A) < 0, 
0, otherwise, 
(36) 
where 
ei(z,A)=z-X, es(z,A)=z+A, (37) 
and 
{ e~l(Z,~l ) ,  Gis(z, Al,As) := e~s(z, As), 
O, 
if ell(Z, A1) _> 0, 
if els(Z, A2) <_ 0, 
otherwise, 
(38) 
where 
ell(Z,~l)=Z- hi ,  el2(Z,~2)=z- ~2, (39) 
Two different approaches were applied in the solution of the problem dealt with in this paper. 
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4.1. Approach 1 
Let u = (u0, ... ,UN-1) E R N, v = (uo, ,UN) E R N+I, and let ~i~ be defined via (27) and 
~i~. be defined via (30). Define the following functionals Cl(u) and C~(v) by 
Cl(~) : = 
N-1 
eoG(?l,i, (~max) 
i=0 
+ P4G(~4(ts, ~0; ~) ,  ~4) 
+ PsG(~5(tf,xo; 6c~) - 2L~, e5) 
+ P6G(~6(tf, xo; 6cu) - 2Ls, e6) 
+ .~t; [PrG(f7(~r(t, Xo; (~¢~), ~( t ) ) ,  Cr ) 
+ PeG(~7(t, x0; 5c~), 6max) 
+ P1a~2(¢~(t, zo; 6~,,), gm~x, gm~) 
+ P2a(¢~(t, Xo; 6~,,), f~m) 
+ Pca~(~5(t, :Co; e~,), Cdt, xo; 6~))] dt, 
(40) 
where Gc(Xb, x6) is given by (see 
{ (X6, 2 ' G12 Gc(xb,X6) :-- G12 x~,2Ls +- -  
G12 (x6 -- 2Ls, 
\ 
Figure 1) 
Ws) O<Xb<LW8 
' - -  - -  2 ' 
W~ W~), L~ -W- - -5 -W~ W~ 
2 ' 2 - <Xb<Ls+ , 
W8 L~ + --if- <zs ,  , , , _ 
(41) 
Define 
dxs = Pra(fT(zT, 6c(t)), cr) + P~a(zT, 6max) 
dt 
+ PIG12(xl, Ureas, Umin) + P2G(x2,•m) (42) 
+P~G~(Xb, X6), t > 0, xs(0) = 0. 
The computation of 5~uo and 5cvo was conducted by solving an unconstrained minimization 
problem on R N, or R N+I, respectively. This was done by using a gradient method described 
where Pi, i = 0, 1, 2, 4, 5, 6, Pr, P8 and Pc are given positive numbers. 
The functional C2 (v) is defined the same as C1 (u) but where bey replaces 5cu and ~-'~g 0 replaces 
)-~go1 in the first term in equation (40). 
Note that ¢l(t, xo;6c) = U(t) denotes the speed of the ship, ~2(t, xo;6c) = 13(t) denotes its 
drift angle, ~3(t, xo; 6c) = r(t) denotes the yaw angular velocity, ¢4(t, x0; 5c) = O(t) is the angle 
between ~ and _T, ~5(t, xo;be) = Xi(t) and (6(t, xo;bc) = Yi where (Xi(t),Y~(t)) describes the 
motion of the ship's c.g. in the (X, Y)-plane. 
In this subsection the following problems are considered: 
(i) Find u ° E R N such that Cl(u °) = 0, 
(ii) Find v ° C R N+l  such that C2(v °) = O. 
REMARKS. 
1. An element u° e R N satisfies Cl(u °) = 0 if and only if 5~o E A1 and equations (34)-(35) 
are satisfied by ~(t, x0; 6c~o), t E [0, t]]. 
2. An element v° E R N+l satisfies C2 (v °) = 0 if and only if 5cvo c A2 and equations (34)-(35) 
are satisfied by ~(t, x0; 5~.o), t e [0, t f]. 
Hence, 5~o E A1 and 6~.o E A2 are feasible command strategies. 
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in [1]. At each stage the function Cl(u), or C2(v), was computed by solving equations (18)-(24) 
and (42) on [0, t f]. 
Equations (18)-(24) and (42) were solved by using a fourth-order Runge-Kutta method with 
a time step A = t f / iT ,  where iT is a given positive integer. 
4.2. Approach  2 
In this subsection, two functionals are defined, that is, 
{ 180 180 ) 
J l (u)  = P4G ~--~¢4(t f ,  z0; 5cu),--Tr e4 
+ PsG(~5(tf, x0; 5c~) - 2L8, es) 
iT--1 (180 5cu(t~), 180 ) 
+ P6G(¢o(t I, x0; 5cu) - 2Ls, e6 + E Poa \--~- • - -~ 5max 
i=O 
180 '~ 
-bPsG(  180~7(ti'xO;~cu)'180- 7r ~max) 
+ P1Gx2((l(ti, x0; 5cu), Umax, Umin) 
+ PcD( t i )} ,  u -~ (Uo,... ,uN-1) E R N, 
(43) 
where the function D(.) is given below and {tk}~0 is a partition of [0, t f] where tk+l -- tk = A 
for all k. That is, tk = kA, k = 0, 1, . . . ,  iT A,  and t I = iT A. 
The functional J2(v), v = (Uo,... ,ug)  E R g+l is defined in the same manner as Jl(u), but 
where 5cv replaces 5cu everywhere, and ) -~0 replaces )-~V=ol in the fourth term in equation (43). 
The function D(.) is computed by using the following procedure: 
Stepl :  k - -0 ,  
Step 2: If (X~(tk), Yi(tk)) is in O8 (that is, it is in the channel) then Xp = Xi(tk) , yp = 
Y~(tk), D(tk) = 0.0, else 
(i) D(tk) = (Xi(tk) - Xp) 2 + (Yi(tk) - yp)2 
(ii) Xp = Xi(tk),  yp = Y~(tk) (44) 
Step 3: k + 1 ~ k, if k <_ iT go to Step 2 else stop 
In this section, the following problems are considered: 
(i) Find u ° E R N such that J l (u  °) = 0, 
(ii) Find v ° e R t¢+l such that J2(v °) = 0. 
The computations of 5c~o and 5cvo were conducted by solving an unconstrained minimization 
problem on R N, or R/v+l, respectively. This was done by applying a dynamic gradient method 
described in [18-19]. 
At each stage the function Jl(U), or J2(v), was computed by solving equations (18)-(24) 
on [0, t f]. Equations (18)-(24) were solved by using a fourth order Runge-Kutta method on the iT set of points {tk}k=0 where tk = kA, k = 0 , . . . ,  iT. 
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5. NUMERICAL RESULTS 
AND CONCLUSIONS 
During the numerical study conducted here, the following set of parameters for the channel has 
been used: Ls = 1000m, Ws = 2L, 1.7L, 1.3L, 1.2L and 1.15L, where L denotes the length of 
the ship, L = 250 m. For rudder dynamics, the following parameters ar = 3.5 sec and er = 10 -6 
radians have been used. 
Also, the following values have been used for the constraints: Umax = Um+ e, 0 < e << 1, 
Umin = 0.35 Umax m/s, Um= 5 m/s, f~m = 7r/8.3 rad, ~ma× = 35" 7r/180 taxi, c4 = 0.25.7r/180 rad, 
c5 = es = 0.5m and cT = 1.5 • ~r/180rad/s. In addition, in all cases dealt with here Ac = 
Ti+l -- T~ = 20sec, i = 0, 1, . . .  ,41 with T42 = ty = 840sec. Hence, N = 42. 
The values of the rest of the parameters, concerning the ship's dynamic, are given in the 
Appendix. 
For all cases solved here, the Runge-Kutta method was used with a time step A = 1.0 sec. The 
following weights have been used in the computations of Cl(u) or C2(v) : P0 = l0 s, P4 = l0 s, 
P~ = 102, P6 = 102, Pr = l0 s, P6 = l0 s, P1 = 103, P2 = 104 and Pc = 104. 
In the computat ion of J l (u) ,  or J2(v), the following weights have been used: P0 = 10, P4 = 104, 
P5 = 1.0, P0 = 1.0, Pr = 102, P6 = 0.0, P1 = 1.0, P2 = 1.0 and Pc = 1.0. 
For all cases solved here, the corresponding procedures, that is Approach 1 or Approach 2, 
were applied until the corresponding functionals, that is Cl(U), C2 (v), J1 (u), and J2(v), reached 
the value of zero in double precision. 
Thus, all the required goals have been met while satisfying the imposed constraints. For the 
sake of saving space, only the results for the case Ws = 1.15L = 287.5 m are given here and are 
presented in Figures 2-22. 
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Figure 2. U(t) as function of t, t E [0, tf], for ~fcuO E A1 and where Approach 1 has 
been applied. 
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3'80 100 200 300 400 500 ~ 700 800 
Time in seconds 
Figure 3. U(t) as function of t, t E [0, if], for 5cuo E A1 and where Approach 2 has 
been applied. 
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Figure 4. 13(t) as function of t, t E [0, tf], for 6c~o E A1 and where Approach 1 has 
been applied. The corresponding plot where Approach 2 has been applied is almost 
identical and is therefore omitted here. 
Feasible Command Strategies 89 
xlO-3 
8 r------- 
~d 2 
o 
-8 
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Figure 5. r(t) as function of t, t C [0, t/I ,  for 6cu 0 E A1 and where Approach 1 has 
been applied. The corresponding plot where Approach 2 has been applied is almost 
identical and is therefore omitted here. 
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0.5 
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Figure 6. O(t) as function of t, t E [0, t:], for ~ScuO C A1 and where Approach 1 has 
been applied. Here O(ts) = 0.00430035rad < e4. 
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Figure 7. O(t) as function of t, t E [0, ty], for 5cu0 C A1 and where Approach 2 has 
been applied. Here O(tf) = 0.0018377rad < e4. 
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Figure 8. Xi as function of 1I/ for ~cuO C A1 and where Approach 1 has been applied. 
The min imum distance of (Xi, 1I/) from the corners is 1.048 m. Xi ( t f )  = 2000.10 m 
and Yi(tf)  = 1999.54 m. Note that  here Ws = 287.5 m. 
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Figure 9. Xi as function of Yi for 6cuO C A1 and where Approach 2 has been applied. 
The min imum distance of (Xi, Yi) from the corners is 1.056 m. X i ( t I )  = 2000.30 m 
and Y)(t/) = 2000.22m. Note that  here Ws = 287.5m. 
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Figure 10. 6cuo(t) (solid line) and the corresponding 6(t) (broken line) as functions 
of t, t E [0, t/], for the case where Approach 1 has been applied. 
92 Y. YAVIN et al. 
0.3 
0.2 
0.1 
0 
-0.1 
4?.2: 
-0.3 
-0.4 
"0"50 1~o ~ 3~o ~ 5~o ~ "1~o s~o 
Time in seconds 
Figure 11. 6c~O (t) (solid line) and the corresponding 6(t) (broken line) as functions 
of t, t E [0, tf], for the case where Approach 2 has been applied. 
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Figure 12. U(t) as function of t ,  t.E [0, tf],  for 6cvo E A2 and where Approach 1 has 
been applied. 
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Figure 13. U(t) as function of t, t E [0, tl], for/Scv0 E A2 and where Approach 2 has 
been applied. 
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Figure 14. /3(t) as function of t, t E [0, t/], for ~fcvO E A2 and where Approach 1 has 
been applied. The corresponding plot where Approach 2 has been applied is almost 
identical and is therefore omitted here. 
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Figure 15. r(t) as function of t, t E [0, t/I, for 6cvO E A2 and where Approach 1 has 
been applied. 
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Figure 16. r(t) as function o f t ,  t E [0, tt], for ~cvo E A2 and where Approach 2 has 
been applied. 
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Figure 17. O(t) as function of t, t E [0, tf], for ~c,O E A2 and where Approach 1 has 
been applied. Here 0(t / )  --- 0.00417314rad < e4. 
900 
1.5 
1 
O.5 
0 
-0.~ 
0 
| , . , , 
I I I I 
T ime in seconds 
Figure 18. 0(t) as function of t, t E [0, t / I ,  for $cvo E A2 and where Approach 2 has 
been applied. Here O(t f )  = -0.00418195rad, that  is I~?(tl) I < e4. 
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Figure 19. Xi  as function of Y/ for ~fcvo E A2 and where Approach 1 has been 
applied. The min imum distance of (Xi,  Yi) from the corners is 0.76 m. Also, Xi ( t f )  = 
2000.41 m and Y/(ty) = 1999.67m. Note that  here Ws = 287.5m. 
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Figure 20. Xi as function of Y~ for 6cvO E A2 and where Approach 2 has been 
applied. The minimum distance of (Xi, ~) from the corners is 4.2715m. Also, 
Xi(ty) = 2000.43 m and ~(tf )  = 2000.35m. Note that here W8 = 287.5m. 
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Figure 21. 6cvo (solid line) and the corresponding 6(t) (broken line) as functions of t, 
t C [0, ty], for the case where Approach 1 has been applied. 
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Figure 22. 6cvO (solid line) and the corresponding 6(t) (broken line) as functions of t, 
t E [0, tf], for the case where Approach 2 has been applied. 
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APPENDIX  
It is found to be more convenient to formulate the equations of motion in a dimensionless 
form, which in order to distinguish them from dimensional quantities, are here represented by 
a superscript "prime." Let us denote the dimensionless longitudinal and lateral external forces 
acting on the ship by X'  and Y', respectively. The external moment acting on the ship in 
a direction perpendicular to the (x,y) plane is denoted by N'. In order to get the physical 
hydrodynamical loads, one has to multiply the force (X', Y') by 0.5 pU~Ld and the yaw moment 
N'  by 0.5 pU2L2d. Here p, L and d denote the fluid density, ship length, and draft, respectively. 
Thus the dynamical model which governs the motion of the ship can be simply written as 
rnl ~ dt + rn2 r sin 13 = X ~, 
( L ) d(Usin~) +ml (L ) rcos /~= Y', (45) 
- m2 -~ dt 
(L2)  dr 
I -~--5 -~=N' ,  
where t denotes time and (ml,m2, I) represent the three components of the total mass/inertia 
coefficients (ship's mass/inertia plus added mass/inertia due to the surrounding fluid). The 
converting parameter (into physical quantities) for the mass is 0.5pL2d and 0.5pL4d for the 
inertia. 
The external hydrodynamical loads can be further decomposed into the following components 
which are affected by the ship hull (h), ship propeller (p) and ship rudder (r). Thus, using the 
above subscripts, we write 
{x,} y '  
N' 
The hull dependent terms can be 
following manner; 
+ ZlZl ( 
{x/} = y/  + yt  + y ,  
N' N' N'  h p r 
(46) 
expressed in terms of the various stability derivatives in the 
= X~rr' sin/~ + X~uu cos 2 fl, (47) 
+ r I + rl]r'l 
]~ r TF  
N' N' /3(r')2 N'  ' 
where r' = rL/U, u = Ucosj3 and a typical stability derivative term X~r °2x' = O~Or' etc. It is 
also important o note that all stability derivatives are considered as geometrical constants in 
the sense that they do not depend on the ship dynamics, i.e., on U, fl, and r. They can be 
approximated by some gross parameters representing the ship geometry such as 
(1) the ship slenderness ratio s = B/L, where B denotes the breath of the ship (twice the 
beam), 
(2) the hull aspect ratio k = 2d/L and 
(3) the blockage coefficient Cb = V/(LdB), where V denotes the volume of the displaced fluid. 
Typically one chooses X~r = X~u = 0 and the rest of the coefficients for the lateral force and 
yaw moments of a realistic ship form can be taken for example from the recent paper given by [7] 
(see also below). 
As for the propeller-dependent terms Yp and N£, which represent the lateral force and yaw 
moment acting on the propeller, the common practice is to ignore them with respect to the 
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corresponding hull-dependent terms Y~ and N~. For this reason, one can assume Yv = Np = 0 
(except in crash astern or stopping maneuvers). The important effect of the propeller on the ship 
maneuver is represented by the term X~, which can be written as 
ctp (1 - tpo)n2D4Kt(Jp) 
Xp = , (49) 
(0.5LdV 2) 
where ct, = 1, tpo is the thrust deduction coefficient in straightforward motion, n is the propeller 
revolutions, Dp the propeller diameter, Jp is the propeller advance 
U cos Z(1 - w . )  (50) 
Jp = (nDv) 
where Wp is the wake fraction coefficient. Finally, it is common to assume that Kt is a quadratic 
function of Jp with some prescribed coefficients Cl, c2, and c3, that is 
c 2 Kt( Jp)  = C 1 -~ c2J p ~- 3Jp. (51) 
The evaluation of the rudder-dependent terms is somewhat more involved. Again following [7], 
we express these coefficients in terms of the normal hydrodynamical force F~ acting on the rudder 
and the rudder angle 5. Thus, Xr ~, Y~ and Nr ~ are given by equations (101-(121. 
The rudder normal force is expressed (following [7]) by equation (131. In equation (13), Ar is 
the rudder area and Cn is given by 
6.13Kr 
Ca - (Kr + 2.251' (52) 
where K~ is the rudder's aspect ratio. Also, Ur (equation (13)) is the effective rudder inflow 
speed and c~ = 5 - 7~ denotes the effective rudder inflow angle. 
In addition, the mass~inertia coefficients can be defined in terms of the blockage and the 
slenderness ratios and the corresponding added inertia coefficients Ai, (i = 1, 2, 6): 
mi = 2sCb(1 + Ai), i = 1, 2, 
I=  (1 )  SCb(I + A6), 
(53) 
(54) 
where Ai can be approximated for example by the "equivalent spheroid" concept, i.e., 
A1 ---- k; ~2 = _k (1 - 21", A6 = _k (1 - 1.6s). (55) 
8 S 
Finally, a list of stability derivatives (following [7]) for the lateral force and yaw moment in 
terms of the slenderness ratio s = B/L,  the aspect-ratio k = 2d/L and the blockage coefficient 
of the ship; and the value of some other coefficients, is given 
1 
Y~ = ~ ~rk + 1.4 sCb, (56) 
Yr t = ml  - 1 .5 sCb, (57)  
Y~ = 1.25 k_ (1 - Cb) + 0.5, (58 /
s 
Y;'r = 0.17 k Cb - 0.07, (59) 
s 
= 2.97 k (1 - cb),  (60) 
s 
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Y~er = 0.75 k Cb -- 0.65, (61 
8 
N~ = k, (62 
N~ = -0 .54  k + k 2, (63 
N~Z = -0 .48  -k (1 - Cb) + 0.066, (64 
8 
N;r  = 0.5 sCb -- 0.09, (65 
g~ = -0 .25  -k Cb + 0.05, (66 
$ 
N~Z~ = --57.5(sCb) 2 + 18.4 sCb -- 1.6, (67 
Wp = Wpo = 0.23 + 1.4(Cb -- 0.5) 2, (68 
1 -- t~ = 0.28 Cb + 0.55, (69 
eps- -  (1 - -Wro)  __156.2  - -  +41.6  - -  - -1 .76,  (70) 
(1 - Wpo) 
"7 = -22 .2  +0.02  - -  +0 .68 ,  (71) 
ah = 0.633 Cb -- 0.153, (72) 
Dp (73) 
r~-  A~/-A-~ K~ ' 
K - 0.6(1 - wp) 
(1 - w~)  ' (74)  
and L = 250m,  B = 40.77m,  d = 16.96m, Cb = 0.831, k = 2d/L,  tpo -= 0.6Wpo, Ctp = 1, 
t -0 .5 ,  ' I p 0.8 Dp, Kr  1.7, Dp -= 8.5, Cl -- 0.52, c2 -- -0 .4861,  c 3 -- 0.01212, x r = x h : Xr, = = 
C = 1, Wp = Wpo, w~ = Wro, A~ = 74 m2; n = (r,om/Vnom)Umax where rnom = 2, Vnom = 7.71 
and Umax =Um + 10 -9  m/s .  
The  force X~ is computed  using the  fol lowing procedure:  
Ynom(1 - Wpo) 
Jpo = (rnomDp) ' (75) 
= c1 + c2Jpo + c3J \, (76) 
X o p(1 tpo)Kto 2 4 (77) ' = -- • rno m Dp, 
Cu -~- Yn2o m , (78)  
= cuz  cos  x2  
(0.5pLdx2) (79) 
C u COS 2 X 2 
- (0.5pLd) (80) 
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